The energy extraction potential from the sinusoidal heaving and pitching motion of an elliptical hydrofoil is explored through direct numerical simulations (DNS) at a Reynolds number of 1,000 and large eddy simulations (LES) at a Reynolds number of 50,000. The LES is able to capture Reynolds number simulations, the low Reynolds number simulations captured most of the energy harvesting dynamics, and were able to closely predict the optimal operating regime.
I. INTRODUCTION
Marine and hydrokinetic energy are estimated to hold 1420 TWh/yr of extractable energy in the United States, about a third of the 4000 TWh/yr of energy that is used in the United
States [1] . Despite this rich source of clean, renewable energy there exist many engineering challenges in terms of the successful operation and maintenance of hydrokinetic turbines.
Many devices designed for tidal energy extraction are in the form of rotational turbines, such as horizontal-axis turbines or Gorlov designs [2] . Another viable option is the use of an oscillating foil. To generate power during the upstroke, a foil heaves vertically with a positive angle of attack to produce a net positive lifting force and positive power. It then repeats the symmetric stoke on the downstroke, with a pitch reversal at the top and bottom of the stroke ( Figure 1 ). Oscillating hydrofoils offer many advantages over rotational turbines, including avoiding the high tip speeds that scale with radius on rotating blades. The oscillating hydrofoil design can also fit in shallower waters than their rotating counterparts, and have the potential to be closely packed due to their simple geometry and more coherent wake structure. Another benefit is that the power extraction is largely based on the kinematics of the foil, such as operating frequency, pitch and heave amplitude. Thus a single foil can very easily be optimized for power output over various flow speeds by modulating the kinematics without changing the size or overall design of the foil. The first modern mention of oscillating foils for energy harvesting applications was by McKinney and DeLaurier in 1981 [3] , but recently there has been renewed interest both experimentally and computationally in the form of various kinematic strokes, pitching axes, and flow conditions for optimal performance [4, 5] .
In the original exploration of oscillating hydrofoils, McKinney and DeLaurier defined the pitch and heave using sinusoidal functions, showing with both theory and experiments that the oscillating hydrofoil had the potential to perform at efficiencies comparable to rotating energy extraction devices [3] . Since then systems have been explored that completely drive the pitch and heave motion, or have at least one degree of freedom passively driven with a torsional or linear spring [6] . In terms of completely driven systems, Simpson et al. performed experimental measurements on a NACA 0012 foil in a tow tank, characterizing the performance for a range of kinematic parameters in pure sinusoidal motion [7] . An elliptic symmetric foil for easy tidal flow reversal was investigated experimentally by Kim et al. [8] in a recirculating flume. Various prototypes have also been designed and/or tested to date, including a 2kW prototype based on studies at Laval University [9] and a 1kW prototype developed at Brown University [10] .
Kinsey and Dumas carefully explored a wide range of parameters computationally on a NACA 0012 foil, and found a peak efficiency of approximately 34% [11] . The optimal range of kinematics, also documented by other researchers [12, 13] , has been found to be at a reduced frequency, f c/U ∞ , of 0.1 − 0.15, where f is frequency of oscillation, c is chord length, and U ∞ is the freestream velocity. The optimal phase difference between the pitching and heaving cycles is approximately 90 degrees, with heave amplitudes h 0 within the range of h 0 /c = 0.5 − 1, and pitch amplitudes θ 0 within the range of 65 to 75 degrees. These optimal values have been demonstrated for a variety of slender foil shapes (including ellipses investigated in this paper) undergoing pure sinusoidal motion with pivot locations at or close to center chord. A key component to the optimal power production is the formation and timing of a coherent leading edge vortex (LEV) which enhances lift forces, and thus power, throughout the heave stroke [8] . The large coherent vortices that are shed in the highefficiency kinematic regime share a resemblance to bluff-body vortex-induced vibrations, which have also been applied towards hydrokinetic energy harvesting applications [14] .
Another important parameter, especially in terms of informing the design of a large-scale prototype, is Reynolds number. Direct numerical simulations (DNS) at low Reynolds number on the order of 1,000 may not capture the complete flow physics of the experimental flume tests that are typically in the Reynolds number range of 30,000-50,000 due to turbulent transition or of the full-scale prototypes which are in a fully turbulent regime. A few groups have computationally explored higher Reynolds numbers, including Ashraf et al. [15] and Xiao et al. [16] who both explored non-sinusoidal effects at moderate Reynolds numbers of 10,000-20,000 using a two-dimensional Navier-Stokes solver. At much higher Reynolds numbers, Kinsey and Dumas [17] used an unsteady Reynolds Averaged Navier-Stokes (RANS) model with a Spalart-Allmaras turbulence closure for two-dimensional and three-dimensional hydrofoils, to investigate tip effects and found good comparison with experimental results from a 2kW prototype with two-foils in a tandem configuration. Campobasso et al. [18] compared low (Re = 1, 100) and high (Re = 1.5e 6 ) Reynolds number results of a pitching and heaving foil using a compressible Navier-Stokes solver with a κ − ω shear stress transport model, and found that the two regimes offer different dynamics in terms of optimal parameters for energy harvesting.
This paper continues to explore a sinusoidal heave and pitching stroke on an elliptical shaped foil, focusing on the effects of Reynolds number between a DNS at Re = 1, 000 and a large-eddy simulation (LES) at Re = 50, 000. The LES methodology allows for a resolved boundary layer which has been shown to accurately capture boundary layer separation and reattachment in unsteady flows [19] , whereas RANS models often over-predict or do not fully capture unsteady vortex dynamics [20] . The computational results were compared against experimental data obtained at similar Reynolds numbers for validation by examining the forces and moments over the pitching/heaving cycle, and the efficiency of the stroke for optimal energy extraction. Furthermore, the effect of Reynolds number is explored by examining the differences in flow physics and vortex dynamics between the two simulations.
The implications of these results for energy harvesting applications are examined.
II. NUMERICAL METHODS

A. Governing Equations and Numerical Techniques
To evaluate and compare power extraction capabilities of an oscillating hydrofoil in different kinematic modes, the finite volume method is used to solve the incompressible NavierStokes equations in a non-inertial reference frame. A two-dimensional DNS is performed at low Reynolds number (Re = 1, 000), in which all the flow scales are fully resolved. For the higher Reynolds number simulations (Re = 50, 000) a wall-resolved LES is implemented with the governing spatially filtered incompressible Navier-Stokes equations,
where¯represents a low-pass spatially filtered quantity, u i are the three components of velocity, p is pressure, ν is kinematic viscosity, and ρ is density. The sub-grid scale stresses are calculated with a constant Smagorinsky model, where
and the filtered rate of strain isS ij = 1 2
For all simulations the Smagorinsky constant is C s = 0.1. Rigid body motion is added by prescribing the appropriate body forces,
to account for the accelerations in the non-inertial frame of reference, where θ(t) is the instantaneous angle of inclination of the foil with respect to the positive x 1 -axis, and h(t) is the instantaneous vertical position of the foil during the heaving cycle. force terms and a second-order backward time-stepping algorithm is utilized with a PISO scheme to solve for pressure on a collocated grid, without any relaxation parameters.
B. Mesh Details
For both meshes, a conformal mapping routine is utilized to create an orthogonal mesh surrounding an ellipse of aspect ratio 10, with a radial boundary of 50 chord lengths in all directions ( Figure 2 ). The DNS mesh is comprised of 240 points equally spaced along the body, and 225 points in the radial direction using a tangent stretching function to cluster more points in the vicinity of the body. A full mesh resolution study was performed to determine the minimal number of points in which the unsteady solution became independent of mesh resolution.
The final LES mesh is similarly created but has carefully clustered points within the boundary layer such that the local resolution in the wall-normal direction is ∆y + < 1 for a non-oscillating foil at the same Reynolds number to assure that the boundary layer is As boundary conditions, a no-slip condition is imposed on the foil, and the outer radius is prescribed with a time-varying inlet condition that adjusts the flow according to the local angle of attack of the foil throughout its pitch and heave cycle. A buffer region approximately 10 chord lengths in size is implemented at the outer boundary to remove superfluous numerical oscillations along the outer boundary. The flow is periodic in the spanwise direction.
A mesh independence study was performed on five meshes with varying resolution in the spanwise, radial and angular directions. Table I shows the resolution, computed efficiency η and wall-resolution, ∆y + . The mesh points in the radial direction are distributed differently in each refinement, and thus a lower number of points can correspond to an additional increase in the near-wall resolution, as seen from the difference between mesh 1 and mesh 3.
The points are uniformly distributed in the tangential and spanwise directions. Additionally, The variation in terms of efficiency is not significant for meshes 2-5, however a significant difference in efficiency is noted with mesh 1, which is likely due to under-resolution in the boundary layer. To further examine the effect of the mesh, the span-and phase-averaged lift coefficient is plotted in figure 3 , and the span-and phase-averaged vorticity fields are shown in figure 4 for the cases displayed in Table I . From this information it was deduced that mesh 3 is under-resolved in the spanwise direction due to the strength and location of the counter-clockwise rotating vortex at the trailing edge. Due to the high computational expense of mesh 5, and its similarity with mesh 4 in terms of the flow-field, efficiency, and 8 lift forces, mesh 4 was selected to be the production mesh for the LES.
C. Simulation Parameters
The kinematic motion of the hydrofoil is prescribed through the body force term in Equation 6 and is described below in lab-fixed coordinates as
and
where h 0 is the maximum heaving amplitude, θ 0 is the maximum pitching amplitude and f is the non-dimensional frequency, normalized by chord length and freestream velocity. The pitching and heaving strokes always use the same frequency and are always separated by a phase difference of π/2, which is found to yield the optimal power. Modifying pitch and heave velocities simultaneously yields a time-varying relative angle of attack of the foil with respect to the freestream flow, which can be computed with
The representative relative angle of attack is taken at t/T = 0.25, when the heave velocity is at a maximum
In order to evaluate the performance of different kinematic conditions, the efficiency is defined as
which is the ratio of the average power extracted throughout a single stroke,P , compared to the power available in the freestream velocity throughout the swept area Y p . Power is defined as
where F y and M z are the vertical force and spanwise moment on the foil respectively.
Thus the power is comprised of a linear contribution, F yḣ , and an angular contribution,
The calculation of efficiency includes the total available power from the fluid, or the total swept area of the device, Y p , which decreases η with increasing h 0 /c. The swept area Y p is often greater than twice the heave amplitude, since it takes into account the largest area swept (see Figure 1 ). Another parameter of interest to the renewable energy community is the maximum power of the device regardless of the kinematic stroke. Here, this parameter is defined by the power coefficient, C p ,
where the denominator is fixed to the chord and span of the foil, S, and does not change with varying kinematics. To remove small cycle-to-cycle variations as best as possible, the efficiency, power coefficients, forces, and flow-fields are all phase-averaged through the last 6 half-cycles of simulation, and the LES data is span-averaged and phase-averaged.
The computations included in this paper will include a parameter sweep through various heaving amplitudes (h 0 /c = 0.5 − 2) and pitching amplitudes (θ 0 = 60 − 95 degrees) at two nondimensional frequencies of f c/U ∞ = 0.1 and f c/U ∞ = 0.15. Based on previous data [4, 5, 11] , the global maximum efficiency, η, and maximum power coefficient, C p , are believed to exist within the parameter space tested above.
III. RESULTS AND DISCUSSION
A. Efficiency and Validation
The results of the DNS computations at Re = 1, 000 are plotted in Figure 5 as a function of maximum pitch angle, θ 0 , for various heaving amplitudes, and compared to flume data [8] for an elliptical foil. Despite the order of magnitude difference in Reynolds numbers between the simulations (Re = 1, 000) and the experimental flume results (Re = 50, 000), all the trends are very well captured and the two sets of data show remarkable agreement for the range of kinematics simulated. The amplitude for peak efficiency for various heave amplitudes are very well predicted by the DNS computations, as well as the off-peak performance at lower pitch amplitudes. in Figure 6 . Although this regime does produce power, a fully attached boundary layer throughout the stroke is not the most efficient mechanism to extract power via an oscillating foil as the presence of vortices can increase the power available.
As the relative angle of attack increases above 22 degrees the boundary layer becomes detached at the leading edge of the foil, forming a LEV. Vortex formation and shedding throughout the oscillating hydrofoil stroke are strongly correlated with the efficiency and power production of the oscillating hydrofoil [8, 21] . The maximum efficiency occurs when this unsteady LEV forms and sheds in synchronization with the frequency of the stroke [12] . In the following sections, the relationship between efficiency and the distance between the leading edge and the vortex core is examined carefully in both low and high Reynolds number simulations. For the heave amplitude of h 0 /c = 2 and frequency of f c/U ∞ = 0.1, the shedding occurs at a pitch angle of 65 degrees as shown in the middle column of Figure   7 . A periodic LEV is formed on the upper surface of the hydrofoil whose low pressure core on the suction surface of the foil amplifies the vertical force F y . This enhancement in lift thus boosts the instantaneous power P (t) at a point in the stroke when the linear velocitẏ h is close to a maximum, at 25% of the stroke cycle. In a steady flow, this angle of attack would be well beyond static stall and one would expect full boundary layer separation and minimal lift. The LEV continues to grow in size and contribute to the lift until the top of the heave stroke, where is it immediately shed upon pitch reversal. The process is completely symmetric on the downstroke (not shown) with a LEV of opposite sign on the lower side of the hydrofoil.
For a heave amplitude of h 0 /c = 1 and frequency of f c/U ∞ = 0.1, the timing of the LEV formation and shedding is optimized at θ 0 = 65 degrees, yielding an efficiency of 25.6%. As the pitch angle is increased there is a drop in efficiency as the timing of the LEV is no longer optimal, as seen in the θ 0 = 85 degrees case in the third column of Figure 7 . The LEV forms earlier in the stroke cycle due to the faster rotational velocity of the hydrofoil. However this also means that the LEV reaches its maximum size before pitch reversal and has detached from the upper surface by 38% of the stroke. Although its strength is larger than at θ 0 = 65 degrees, the LEV spends less time attached to the upper surface and the power generation drops between 25 and 50% of the cycle. 
C. Power Extraction of Oscillating Hydrofoils
The efficiency η (eq. 11) defines the percentage of energy captured from the entire swept area of the foil, thus the denominator changes with each set of kinematics, most heavily influenced by the heave amplitude. An alternative is to characterize performance by a power coefficient (eq. 13) that non-dimensionalizes the power extraction capabilities by the fixed chord length instead of the sweep height. In other words, it reflects the potential power extraction from a given device size.
Results from the low Reynolds number simulations are recast in Figure 8 in terms of power coefficient, demonstrating that higher h 0 /c generate more power for a fixed chord and span.
The maximum power coefficient of C p = 0.95 occurs at a lower nondimensional frequency of f c/U ∞ = 0.1, heave amplitude of h 0 /c = 2, and pitch amplitude of θ 0 = 75 degrees. For lower heave amplitudes (h 0 /c = 0.5 − 1) the optimal power has a relatively broad peak in terms of optimal pitch amplitude. The larger heave amplitudes (h 0 /c = 1.5 − 2) have a sharper peak and a rapid drop-off in power with non-optimal pitch angles, which may be an important feature in terms of design and robustness of a tidal energy harvesting device.
However it is not expected that the trend of increasing heave amplitude for more power The switch from positive to negative contributions in angular power is due to the LEV's location at the top of the heave stroke and at maximum angular velocity. As the foil pitches counter-clockwise at the top of the heave stroke a LEV on the aft portion of the top surface will contribute to positive power (t/T = 0). For the optimal case shown in Figure 7 (middle column), the LEV is approximately at the center of the foil and moving aft (top row, middle column), which gives rise to a small contribution of angular power. On the other hand, at t/T = 0 the LEV is closer to an already shedded state, which contributes negatively to the power, as seen in θ 0 = 85 in Figure 7 . The overall trends in power generation are consistent from Reynolds number 1, 000 to 50, 000. Table II shows vorticity contours for the three sets of kinematics displayed in Figure 9 . Each is shown at 25% of the cycle when the foil is at its maximum pitch and maximum vertical velocity.
(downstroke is symmetric and not shown). Consistent with the results in Table II, In order to get a closer look at the vortex path, analysis of the vortex core location between both Reynolds numbers was performed. As demonstrated in figure 11 , phase-and span-averaged streamlines were plotted for a half-stroke of the kinematics. A probe records the location of the vortex core at various points within the cycle and reports the location in 19 terms of a body-fixed coordinate system from the leading edge.
FIG. 11. Method used for vortex core identification: phase-and span-averaged streamlines are plotted and core is probed from a body-fixed coordinate system located at leading edge.
The vortex cores were tracked for 5 sets of kinematics, for both low and high Reynolds number simulations from 25% to 50% of the cycle, with the results shown in Figure 12 . It is found from these measurements that the vortex core for the f c/U ∞ = 0.15 simulations are consistently closer to foil's surface than for the f c/U ∞ = 0.1 cases throughout the duration of cycle. The closer proximity of the vortex core corresponds with the higher efficiency values in Table II . In addition, the distance between the foil's surface and the vortex core for the high Reynolds number cases is less than or equal to that of the low Reynolds number cases. This helps explain why the efficiency values are higher for high Reynolds number cases, as the closer vortex provides a stronger lifting force. It should be noted that the case f c/U ∞ = 0.15, h 0 /c = 2 and θ 0 = 75 does not present coherent vortices, and is not included in Figure 12 , which is consistent with its low efficiency in both the low and high Reynolds simulations and further evidence of the enhancement provided due to the presence of the vortex along the surface of the foil.
Due to the difference in frequencies, the cases with f c/U ∞ = 0.15 display different vortex dynamics from the lower frequency of f c/U ∞ = 0.1. As expected, as the frequency increases the LEV has less time to convect downstream during a half-stroke and still remains above the suction surface of the foil at midstroke. At this point there is a secondary vortex that has formed at the leading edge (see Figure 13 ) whose vortex core is not tracked in Figure 12 .
As the foil reverses pitch at 50% of the stroke, the primary LEV is shed and the secondary LEV remains on the upper side (now the pressure side) for approximately 15% of the stroke.
After which, a new LEV will develop on the lower side (now suction side) and mimic the same behavior from 75% to 100% of the cycle.
In contrast, the f c/U ∞ = 0.1 cases only maintain a LEV over the suction side of the foil until 40-45% of the cycle, after which it very quickly convects to locations as far as 2c downstream from the leading edge before pitch reversal. The higher heave and pitch amplitudes (and thus higher linear and rotational velocities) seem to enhance the convection harvested from the linear motion of the foil (top row of figure 14) . However, the path of the vortex is very similar in both the low and high Reynolds numbers cases when f c/U ∞ = 0.15, suggesting the increase in forces is due to the stronger vorticity in the high Reynolds number flow, and not necessarily due to the location of the vortex.
In each of the f c/U ∞ = 0.15 cases the high Reynolds number cycle is phase-shifted slightly at the beginning and end of the upstroke, but aligns well in the middle when most of the vortices have shed from the foil. The convection speed and rotation of the vortices is also slightly different in the near wake once they leave the foil, but there is a coherent trail of vortices 4-6 chord lengths downstream of the foil for both Reynolds numbers.
The torque is also significantly affected by small changes in location of the LEVs. As a vortex convects from the front towards the aft of the foil it will change the sign of the torque. Since there are two vortices on the foil during pitch reversal, this will have a large influence on the angular power production. For the majority of the f c/U ∞ = 0.15 kinematics the torque coefficient remains negative, meaning it contributes to positive power when the angular velocity is negative (pitching up) and negative power as the foil pitches downward. Compared with the f c/U ∞ = 0.1 kinematics, the higher frequency kinematics at f c/U ∞ = 0.15 have a higher number of coherent vortices, a faster cycle, and thus more opportunity for discrepancies between the vortex kinematics, all of which influence the power extraction.
E. Implications for Prototype Design
In terms of designing and building prototypes for energy harvesting, it is important to have an accurate modeling tool that can predict the performance of a hydrofoil before construction. Based on these results, a low Reynolds number simulation will provide a fast turn-around time and a good estimate of the kinematics that provide maximum power extraction. However, it is found that these two-dimensional low Reynolds number results are a conservative estimate of power extraction capabilities, and that an actual device operating at higher Reynolds number may exceed these predictions. Likewise, the maximum lift force and torque are slightly underestimated in the low Reynolds number model, and the structural design of a prototype at high Reynolds number should account for this under-prediction.
The design criteria of a prototype is likely going to be driven by maximizing the amount of power from a fixed foil size (e.g. span and chord), as described by the power coefficient.
Increasing the swept area with larger heave amplitudes provides more power to the device.
Also important for prototype design is material and mounting costs, which will both scale with the mean and maximum forces applied to the foil throughout its motion. For example, the drag coefficient is included in figures 9 and 14. While it does not directly influence the power extraction capabilities, the drag on the foil is an important design consideration, as it will influence how the device is mounted. Although it may yield optimal power, a large relative angle of attack increases the drag forces significantly since the foil is acting like a bluff body for much of its stroke, presenting significant structural engineering challenges.
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IV. CONCLUSIONS
The energy harvesting mechanisms of an elliptical oscillating foil are explored for two non-dimensional frequencies, f c/U ∞ = 0.1 and 0.15 with DNS at Re = 1, 000 and LES at Re = 50, 000 with the goal of exploring the vortex dynamics and differences in power generation across the two Reynolds numbers. The pitching and heaving amplitudes were varied to determine the maximum efficiency, and also the maximum coefficient of power, which optimizes power extraction for a fixed device size. For the lower frequency of f c/U ∞ = 0.1 the maximum efficiency of 25.6% occurs at a heave amplitude of h 0 /c = 1 and pitch amplitude θ 0 = 65 degrees, and is increased to 28.1% for a Reynolds number of 50,000.
This modest increase in power production is seen with all the high Reynolds number cases at f c/U ∞ = 0.1. The increase comes from a slightly stronger and more coherent LEV that proportionally enhances the power extraction from both lift and torque during critical portions of the cycle. As opposed to the most efficient mode, the maximum power extraction occurs at the higher heave amplitude of h 0 /c = 2 and θ 0 = 85 degrees. If a device size is to stay constant, it can extract more energy by sweeping a larger area of fluid. However, high heave amplitudes have increased drag forces on the device, causing more difficult mechanical challenges when it comes to building a robust device.
At the higher frequency of oscillation, f c/U ∞ = 0.15, the high and low Reynolds number results show more variability, with the Re = 50, 000 cases generally extracting 0.8-6.7% more energy than the same kinematics at Re = 1, 000. The regime for most efficient energy extraction remains within h 0 /c = 1−1.5 and θ 0 = 75−85 degrees for both Reynolds numbers, which is a slightly higher heave and pitch amplitude required compared to f c/U ∞ = 0.1.
A major difference in the high frequency kinematics is the formation of two LEVs for each half-stroke and their locations from foil's surface, both of which convect along the surface of the foil and are shed into the wake. The strength and convection speed of the vortices is influenced by the Reynolds number as shown in the force and torque analysis of the upstroke.
In particular, the higher Reynolds number flows have a faster-forming, more coherent LEV at the beginning of the stroke, which contributes more to the linear or heave component of the power. In addition, at this higher frequency there is a negative contribution from the angular power on the second half of the upstroke that is slightly mitigated at higher 
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